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Abstract
We study N = 4 supersymmetric quantum-mechanical many-body systems with
M bosonic and 4M fermionic degrees of freedom. We also investigate the further
restrictions of conformal and superconformal invariance. In particular, we construct
conformal N = 4 extensions of the AM−1 Calogero models, which for generic values
of the coupling constant are not SU(1, 1|2) superconformal. This class of models
is also extended to arbitrary (even) N . We give both hamiltonian and (classical)
lagrangean formulations. In the latter case we use both component and N = 4
superfield formulations.
1 Introduction
Recently there has been increased interest in supersymmetric quantum-mechanical mod-
els. Contrary to the situation in higher dimensions, such models have been much less
studied. One recent application is to black hole physics [1, 2, 3, 4]. A related issue is
the still incompletely understood adS2/CFT1 correspondence [5]. In the case of black
holes, most work has so far been concerned with N = 4 models with 4M bosonic and 4M
fermionic coordinates, and general results for such models have been obtained [6, 7, 8].
The emphasis has been on which (sigma-model) metrics are consistent with supersym-
metry and the properties of the resulting geometries. Our focus is slightly different; we
discuss models with M bosonic and 4M fermionic degrees of freedom, take the metric
to be flat and study the constraints on the potential coming from supersymmetry. We
also investigate the constraints arising from adding more symmetry such as translational
invariance, conformal invariance and superconformal invariance. We do not have any par-
ticular application in mind, although N = 4 supersymmetric superconformal Calogero
models have been conjectured [1] to provide a microscopic description of four-dimensional
extremal Reissner-Nordstro¨m black holes. The Calogero models [9] and their generali-
sations comprise a particular class of many-body quantum-mechanical models that have
been intensely studied over the years. These models have appeared in various areas of
theoretical physics, ranging from problems in condensed matter physics to Seiberg-Witten
theory. For reviews with extensive lists of references to the early literature, see [11] (for
1N.Wyllard@damtp.cam.ac.uk
1
reviews on the connection to Seiberg-Witten theory, see e.g. [10]). It is well known that
the Calogero systems are intimately connected with the semi-simple Lie algebras. For
every (semi-simple) Lie algebra there is an associated Calogero system. It is perhaps less
widely known that the conditions can be weakened. Recently it has been shown [12, 13]
that one actually does not need a root system associated to a Lie algebra to construct a
Calogero model. It is sufficient to have a root system associated to any finite reflection
group (Coxeter group); only when the root system is crystallographic can one associate it
to a Lie algebra and the Coxeter group is then called the Weyl group. The Calogero sys-
tems are integrable (see e.g. [14, 13] and references therein) and, for the cases with discrete
spectrum, exactly solvable. By exactly solvable we mean the condition that it should be
possible to obtain the eigenfunctions in an “algebraic” way. This has been shown using
various different approaches, see e.g. [15, 16, 17]. An interesting feature of the AM−1
Calogero models is that they are translational- and conformal-invariant. The two-particle
case coincides (after removing the centre-of-mass motion) with the model of conformal
mechanics studied in [18]. Supersymmetric extensions of the Calogero models with N = 2
supersymmetry have also been constructed [19, 20, 21, 22]. So far the supersymmetric
models have not had as many applications as the bosonic models. The models constructed
in [19] are also superconformal; the superconformal algebra being osp(2|2) ∼= su(1, 1|1).
The relative motion of the two-particle case was studied before in [23]. In [24, 25, 26]
(see also [27]) an N = 4 superconformal extension of the conformal quantum mechanics
model was constructed (a related development is [28]). The superconformal group in this
case is SU(1, 1|2). This result has not been extended to the many-body case.
In the next section we investigate (using the quantum hamiltonian formalism [29]) the
restrictions of N = 4 supersymmetry, conformal invariance and SU(1, 1|2) superconformal
symmetry. We first discuss the one-particle case and then move on to the many-body case
and derive general results. We concentrate on the AM−1 Calogero models, but our results
are applicable also to other cases. We show that it is possible to construct conformal
N = 4 extensions of the AM−1 Calogero models, which are SU(1, 1|2) superconformal only
for a particular value of the coupling constant. Furthermore, we show that (given certain
assumptions) for M>2 and generic values of the coupling constant there are no natural
SU(1, 1|2) superconformal extensions of the AM−1 Calogero models. In section 3 we
present a similar discussion employing the language of the classical lagrangean formalism
[30]. We use both superfield and component formulations. We also briefly discuss the
connection between the classical lagrangean approach and the quantum hamiltonian one.
We end with a short discussion of the possible relevance of our results to black hole physics
and some open questions.
2 Quantum hamiltonian formulation
We assume the N = 4 supersymmetry algebra to be of the form
[Qa, Q
†b]+ = 2δ
b
aH , [Qa, Qb]+ = 0 , [Q
†a, Q†b]+ = 0 , (2.1)
where a, b = 1, 2. In other words, we use a complex formalism. Some of our conclusions
may be altered if the supersymmetry algebra is changed, i.e. if central charges are allowed
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or if more general supersymmetry algebras are considered (such as the ones in [31, 8]). In
this section we will investigate the restrictions on the potential resulting from requiring
an N = 4 symmetry in the form of the supersymmetry algebra (2.1). We will also discuss
the restrictions coming from demanding conformal and superconformal invariance.
2.1 Preliminaries: one-body models
The supercharges are Qa and their hermitean conjugates. We sometimes use the notation
Q ≡ Q1 and Q˜ ≡ Q2 to reduce the number of indices. The discussion below of the
one-body case is in part a review (of [25, 26]), but it is presented in such a way as to
facilitate the extension to the many-particle case to be discussed later. We will denote the
bosonic coordinate by x and use the concrete realisation θ, θ˜, ∂θ and ∂θ˜ for the fermionic
coordinates. On general grounds the supercharges can be taken to be of the form:
Q = θ
(
p− iW [0](x)− iW [1](x)θ˜
∂
∂θ˜
)
, Q˜ = θ˜
(
p− iW [0](x)− iW [1](x)θ
∂
∂θ
)
, (2.2)
together with their hermitean conjugates (using θ† = ∂
∂θ
and (ξζ)† = ζ†ξ†). The super-
symmetry algebra (2.1) is satisfied if the following equation is satisfied (∂ ≡ d
dx
)
2∂W [0] − 2W [0]W [1] + ∂W [1] −W [1]W [1] = 0 . (2.3)
The hamiltonian then becomes
H = 1
2
p2 + 1
2
(W [0])2 − 1
2
∂W [0] + ∂W [0][θ
∂
∂θ
+ θ˜
∂
∂θ˜
] + ∂W [1]θ
∂
∂θ
θ˜
∂
∂θ˜
. (2.4)
We will now restrict ourselves to conformal models. Such models satisfy [D,H ] = −iH ,
where D = −1
4
[x, p]+ [18]. To regain the OSp(2|2) superconformal mechanics of [23] when
restricting to the N = 2 sub-sector, we have to set W [0] = ν
x
. Somewhat surprisingly, for
this choice of W [0] there are two solutions to the constraint (2.3) preserving conformal
invariance, namely: W [1] = − 1
x
and W [1] = −2ν
x
. Thus, there are two different conformal
N = 4 supersymmetrisations of conformal mechanics (or equivalently, of the relative
motion of the A1 Calogero model). The corresponding hamiltonians are
H1 =
1
2
p2 +
1
2x2
(
ν2 + ν − 2ν[θ
∂
∂θ
+ θ˜
∂
∂θ˜
] + 2θ
∂
∂θ
θ˜
∂
∂θ˜
)
,
H2 =
1
2
p2 +
1
2x2
(
ν2 + ν − 2ν[θ
∂
∂θ
+ θ˜
∂
∂θ˜
] + 4νθ
∂
∂θ
θ˜
∂
∂θ˜
)
= 1
2
p2 + 1
2
ν(ν + [θ, ∂θ][θ˜, ∂θ˜])
x2
. (2.5)
Although both models in (2.5) are conformal, only the first has su(1, 1|2) as its super-
conformal algebra for generic ν. This can be seen by making a general Ansatz for the
generators of special supersymmetries S, S˜ and their hermitean conjugates. The su(1, 1|2)
superconformal algebra (see appendix) is satisfied if S = θx, S˜ = θ˜x and xW [1] = −1.
The other generators of su(1, 1|2) are then given by
J1 = −
1
2
(θ∂θ˜ + θ˜∂θ) , J2 = −
i
2
(θ∂θ˜ − θ˜∂θ) , J3 =
1
2
(θ˜∂θ˜ − θ∂θ) . (2.6)
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Furthermore, the central element T is given by T = xW [0] − 1
2
. Thus, there is a unique
SU(1, 1|2) conformally invariant model. For this model T = ν − 1
2
. The second model
above is SU(1, 1|2) superconformal only when ν = 1
2
, in which case it coincides with a
special case of the first model (with T = 0). For other values of ν the conformal and
supersymmetry generators belong to some other superconformal algebra. The free theory
is not SU(1, 1|2) superconformal. The above SU(1, 1|2) superconformal model is, however,
“on-shell”-dual to a free N = 4 theory with a complex bosonic coordinate (2 real ones)
[24]. Let us also mention that for the first model above there is a simple extension to
arbitrary (even) N [26], i.e arbitrary number of supersymmetries (there is no restriction
on the number of supersymmetries in one dimension since there is no notion of spin). The
arbitrary-N models have the following supercharges [26]
Qa = θa(p− i
ν
x
+ i
1
x
∑
c 6=a
θc∂θc) , Q
†a = ∂θa(p+ i
ν
x
− i
1
x
∑
c 6=a
θc∂θc) , (2.7)
where a, c = 1, . . . , N
2
. These models are also superconformal; the superconformal algebra
being su(1, 1|N
2
) (see appendix). The other generators of su(1, 1|N
2
) are given by: Sa =
θax, S
†a = ∂θax, and
Ja
b = θa∂θb (a 6= b) , Ja
a = θa∂θa −
2
N
∑
c
θc∂θc , U =
1
2
∑
c
θc∂θc . (2.8)
For the second model in (2.5) a similar extension to arbitrary (even) N can be constructed
by taking the supercharges to be of the form
Qa = θa(p− iW
[N−2
2
](x)
∏
c 6=a
[θc,
∂
∂θc
]) , Q†a = ∂θa(p+ iW
[N−2
2
](x)
∏
c 6=a
[θc,
∂
∂θc
]) , (2.9)
where a, c = 1, . . . N
2
(we use a slightly different normalisation for W [1] than before). The
corresponding hamiltonian is obtained from [Qa, Q
†b]+ = 2δ
b
aH and becomes
H = 1
2
p2 + 1
2
(W [
N−2
2
])2 + 1
2
∂W [
N−2
2
]
∏
c
[θc,
∂
∂θc
] . (2.10)
In particular, for W [
N−2
2
] = −ν
x
we get
H = 1
2
p2 + 1
2
ν(ν +
∏N/2
c=1 [θc,
∂
∂θc
])
x2
. (2.11)
Notice that (
∏
c[θc,
∂
∂θc
])2 = 1.
2.2 Extension to many-body models
We will now discuss the extension of the above results to the many-body case. The
coordinates are xi, θi, θ˜i, ∂θi and ∂θ˜i , where i = 1, . . . ,M . Here, and throughout the
4
paper, we will assume that the hamiltonians are invariant under permutations of the
coordinates. We take the supercharge Q to be of the form
Q =
∑
j
θj
(
pj − iW
[0]
j (xk)− i
∑
nm
W
[1]
jnm(xk)θ˜n
∂
∂θ˜m
)
, (2.12)
with a similar expression for Q˜. This is not the most general choice, but it is a natural
extension of the supercharges used to construct N = 2 models [19, 32, 21, 22]. The
supersymmetry algebra (2.1) is satisfied if the following conditions are fulfilled
W
[0]
i = ∂iW
[0] , W
[1]
ijk = ∂i∂j∂kW
[1] ,∑
l
W
[1]
li[nW
[1]
m]jl = 0 ,
∂j∂kWˆ
[0] =
∑
l
W
[1]
ljk∂lWˆ
[0] , (Wˆ [0] := W [0] + 1
2
∑
n
∂n∂nW
[1]) , (2.13)
and the hamiltonian is then given by
H = 1
2
∑
i
[p2i + (∂iW
[0])2 − ∂2iW
[0]] +
∑
i,j
(θi∂θj + θ˜i∂θ˜j )∂i∂jW
[0]
+
∑
ijnm
θi∂θj θ˜n∂θ˜m∂i∂j∂n∂mW
[1] . (2.14)
One solution to the last constraint in (2.13) is the trivial one: Wˆ [0] = 0, i.e. W [0] =
−1
2
∑
n ∂n∂nW
[1]. This provides a possible way to construct N = 4 extensions of known
N = 2 models, e.g. the Calogero models. We would like to stress that one also has to
check that the other conditions in (2.13) hold. With Wˆ [0] = 0, the supercharge Q takes
the form
Q =
∑
j
θj
(
pj −
i
2
∑
n,m
∂j∂n∂mW
[1][θ˜n,
∂
∂θ˜m
]
)
, (2.15)
with a similar expression for Q˜. The AM−1 Calogero models haveW
[0] = ν
2
∑
i6=j ln |xi−xj |.
If we set
W [1] = −
ν
2
∑
i6=j
[
(xi − xj)
2 ln |xi − xj | −
3
2
(xi − xj)
2
]
, (2.16)
it can readily be checked that all conditions in (2.13) are fulfilled. The resulting hamilto-
nian becomes
H = 1
2
∑
i
p2i +
∑
i<j
ν(ν +Kij)
(xi − xj)2
, (2.17)
where Kij =
1
4
[(θi− θj), (∂θi − ∂θj )][(θ˜i− θ˜j), (∂θ˜i − ∂θ˜j )]. The operator Kij is an exchange
operator satisfying: θiKij = Kijθj , θ˜iKij = Kij θ˜j , K
2
ij = 1 and KijKjk = KjkKji =
KkiKij . The above models are closely related to the general models in [33] (see also [15])
and should hence be integrable. Notice that Kij only acts on the fermionic coordinates
whereas the operators in [33, 15] also act on the bosonic coordinates; it is however easy
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to extend the above models to this more general setting. The models (2.17) can be
straightforwardly extended to arbitrary N . The supercharges take the form
Qa =
∑
i
θia

pi + i ν
2
N
2
−1
∑
m
∏
c 6=a
[(θic − θ
m
c ), (∂θic − ∂θmc )]
xi−xm

 , (2.18)
where a, c = 1, . . . , N
2
. The hamiltonian has the same form as in (2.17), but with Kij
given by Kij =
1
2
N
2
∏N
2
c=1[(θ
i
c − θ
j
c), (∂θic − ∂θjc)].
The N = 4 models just constructed are conformal, but as we shall see next the
superconformal algebra is not su(1, 1|2). We now turn to the question of what restrictions
follow from demanding SU(1, 1|2) superconformal invariance. With S =
∑
i θixi and
S˜ =
∑
i θ˜ixi, the superconformal algebra is satisfied if∑
i
xiW
[1]
ijk = −δjk, (2.19)
and
∑
i xi∂iW
[0] = const (the latter condition follows from [D,W
[0]
i ] = −iW
[0]
i , i.e. from
conformal invariance). The other generators are then given by
J1 = −
1
2
∑
i
(θi∂θ˜i + θ˜i∂θi) , J2 = −
i
2
∑
i
(θi∂θ˜i − θ˜i∂θi) , J3 =
1
2
∑
i
(θ˜i∂θ˜i −θi∂θi) , (2.20)
and T =
∑
i xi∂iW
[0] − N
2
. The restriction (2.19) on W
[1]
ijk, show that the models (2.17)
are not SU(1, 1|2) superconformal.
Another issue is translational invariance. The condition for superconformal invari-
ance (2.19) is not consistent with translational invariance of W [1] (since that would imply∑
k ∂kW
[1] = 0). However, after extracting from W
[1]
ijk the non-translational-invariant
centre-of-mass part W
[1]cm
ijk = −
1
MX
(where X =
∑
i xi) the remaining relative part can
be taken to be translational-invariant and the superconformal condition is replaced by∑
i xiW
[1]
ijk = −δjk +
1
M
. With this modification of the models in (2.17), they become
SU(1, 1|2) superconformal for certain exotic values of the coupling constant ν, namely
when ν = 1
M
. We will now address the question of whether there exist SU(1, 1|2)
superconformal extensions of the AM−1 Calogero models for generic values of the cou-
pling constant. If we assume that W [0] has an overall parameter (as in the case of the
Calogero models) then (if demand conformal invariance and discard the above solution)
the last equation in (2.13) decouples into two equations: ∂i∂jW
[0] =
∑
lW
[1]
lij ∂lW
[0], and
∂i
∑
nW
[1]
jnn =
∑
l,nW
[1]
lijW
[1]
lnn. Notice that the latter equation is consistent with (2.19)
and conformal invariance. When W [0] has the Calogero form W [0] = ν
2
∑
n 6=m ln |xn − xm|
one can show that there are no solutions to the coupled set of equations (2.13),(2.19)
for M = 3; we believe that this continues to be true for higher M (it can be shown for
all M > 2 that for generic ν there is no solution with two-body interaction forces only).
Thus, we conclude that for M>2 there is no natural candidate for an N = 4 SU(1, 1|2)
superconformal AM−1 Calogero model which has the properN = 2 limit. We would like to
stress that this conclusion depends on the particular (but natural) choice of supercharges
(2.12).
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Is it possible to find other SU(1, 1|2) superconformal models? For simplicity let us
discuss the M = 3 (three-particle) case in more detail. There is actually no solution
to the set of constraints given above for any W [0] with an overall parameter and two-
body interactions only, so the conditions have to be weakened. One has to allow for a
ν-independent part in W [0] and/or higher-body interactions if one is to be able to satisfy
the constraints. At least for theM = 3 case it turns out that it not sufficient to introduce
higher-body interactions, so we will therefore allow for a ν-independent part in W [0]. At
this point we recall that there is another three-particle translational-invariant (bosonic)
Calogero model (besides the A2 one) namely the model associated to the G2 Lie algebra
[34]. The hamiltonian is
HG2 =
1
2
∑
i
p2i +
∑
i<j
ν1(ν1−1)
(xi − xj)2
+ 3
∑
j < k
i 6= j 6= k
ν2(ν2−1)
(2xi − xj − xk)2
. (2.21)
The two coupling constants ν1 and ν2 can be chosen independently. This hamiltonian has
all the nice properties of the Calogero models, such as integrability and exact solvability
[35]. Using reasoning similar to the one used in the A2 case one can show that there does
not exist any SU(1, 1|2) superconformal N = 4 extension when the Qa’s are of the form
(2.12) and the two coupling constants are unrelated. Choosing the centre-of-mass part of
W
[1]
ijk as before, allowing for a linear relation between ν1 and ν2, and choosing
W
[1]
rel = β1
∑
i<j
(xi − xj)
2 ln |xi − xj |+ β2
∑
j < k
i 6= j 6= k
(2xi − xj − xk)
2 ln |2xi − xj − xk| ,
W [0] = α1
∑
i<j
ln |xi − xj |+ α2
∑
j < k
i 6= j 6= k
ln |2xi − xj − xk| , (2.22)
we have found the following SU(1, 1|2) superconformal extensions of the G2 model. The
following different choices for the parameters (α1, α2, β1, β2) are possible: (−
1
6
, ν2,
1
12
,− 1
12
),
(ν1,−
1
6
,−1
4
, 1
36
), or (1
3
−ν, ν, ν
2
− 1
6
,−ν
6
). The last case is more trivial than the others since
it has Wˆ [0] = 0. The corresponding potential is
V 1rel =
∑
i<j
1
x2ij
[
α1(α1+1)− α1(θij∂θij + θ˜ij∂θ˜ij )− 2β1(θij∂θij θ˜ij∂θ˜ij
]
+
∑
j < k
i 6= j 6= k
1
x2ijk
[
3α2(α2+1)− α2(θijk∂θijk + θ˜ijk∂θ˜ijk)− 2β2θijk∂θijk θ˜ijk∂θ˜ijk
]
, (2.23)
where xij = xi−xj , θij = θi−θj , and ∂θij = ∂θi−∂θj ; xijk = 2xi−xj−xk, θijk = 2θi−θj−θk,
and ∂θijk = 2∂θi − ∂θj − ∂θk .
For M = 4 there also exists a translational-invariant (bosonic) “Calogero” model,
which in general has two- and four-body interactions [36]
H4 =
1
2
∑
i
p2i +
∑
i<j
ν1(ν1−1)
(xi − xj)2
+ 2
∑
i < j, k < l
i 6= j 6= k 6= l
ν2(ν2−1)
(xi + xj − xk − xl)2
. (2.24)
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A similar analysis for this case leads to the following SU(1, 1|2) superconformal solution
with four-body interactions only
W
[1]
rel = −
1
8
∑
i < j, k < l
i 6= j 6= k 6= l
(xi + xj − xk − xl)
2 ln |xi + xj − xk − xl| ,
W [0] = ν
∑
i < j, k < l
i 6= j 6= k 6= l
ln |xi + xj − xk − xl| ,
Vrel =
∑
i < j, k < l
i 6= j 6= k 6= l
1
x2ijkl
[
2ν(ν + 1)− ν(θijkl∂θijkl + θ˜ijkl∂θ˜ijkl) +
1
4
θijkl∂θijkl θ˜ijkl∂θ˜ijkl
]
,(2.25)
where, xijkl = xi + xj − xk − xl, θijkl = θi + θj − θk − θl, and ∂θijkl = ∂θi + ∂θj − ∂θk − ∂θl .
One could continue this analysis to higher M and try to find interesting solutions. One
restriction one could impose is that the bosonic part should have special properties, such
as e.g. integrability. Perhaps it is possible to turn things around and use supersymmetry
considerations to construct interesting bosonic models.
3 Classical lagrangean treatment
In this section we perform a study of N = 4 models similar to the one in section 2, but
from a (classical) lagrangean perspective.
3.1 One-body models
In [24] (see also [27]) an SU(1, 1|2) superconformal mechanics model was constructed.
The action is most succinctly written in N = 4 superspace. Our superspace conventions
coincide with those of [24] and are as follows: Da =
∂
∂ηa
+ iη¯a∂t, D¯
a = − ∂
∂η¯a
− iηa∂t, and
{Da, D¯b} = −2iδba∂t. Indices are raised and lowered with ǫab and its inverse ǫ
ab (ǫabǫ
bc =
δca). To reduce the number of indices we will sometimes suppress contracted indices with
the understanding that the first index should be in a “natural” position. The action given
in [24] was constructed in terms of a real superfield with components φ| = x, Daφ| = iψa,
D¯aφ| = −iψ¯a and [D(a, D¯b)]φ| = Fab, where | as usual is shorthand for |ηa=0,η¯a=0. Since
the representation corresponding to the real superfield φ is not irreducible one has to
constrain the superfield. The following constraints were used in [24]: D2φ = − 1
φ
DφDφ,
D¯2φ = − 1
φ
D¯φD¯φ and [Da, D¯
a]φ ≡ [D, D¯]φ = − 2
φ
DφD¯φ + 4ν
φ
. These constraints are the
one-dimensional analogue of the constraints for the four-dimensional tensor multiplet [37].
The superspace action is
S =
1
8
∫
dtDaD
aD¯bD¯b
(
−1
2
φ2 ln |φ|
)
. (3.1)
After passing to components and eliminating the auxiliary field Fab one obtains the action
S = 1
2
∫
dt[x˙2 − iψ¯ψ˙ + i ˙¯ψψ −
(ν + ψ¯ψ)2
x2
] . (3.2)
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For completeness we now briefly describe how to pass to the hamiltonian form and then to
quantum mechanics. The classical hamiltonian is Hc = xp+pψψ+pψ¯ψ¯−L, where p =
δL
δx
,
pψa =
δL
δψa
, and pψ¯a =
δL
δψ¯a
are the conjugate momenta (fermionic variational derivatives
act from the left). The canonical Poisson brackets are {p, x} = −1, {pψb , ψa}+ = −δ
b
a,
and {pψ¯b , ψ¯
a}+ = −δab . Using standard methods to deal with the second class constraints
Υa = pψ¯a −
i
2
ψa ≈ 0 and Υ¯a = pψa −
i
2
ψ¯a ≈ 0, lead to the Dirac brackets {ψa, ψ¯b}∗ = iδba.
The Noether charges associated to the supersymmetry invariance of the action are Qa
and Q¯a. At this point we deviate from the particular model discussed so far and assume
the supercharges to be of the more general form
Qa = ψa(p− iw
[0](x))− iw[1](x)ψa(ψ¯
bψb) , Q¯a = ψ¯
a(p+ iw[0](x)) + iw[1](x)ψ¯a(ψ¯bψb) .
(3.3)
In order for {Qa, Q¯b}∗ = 2iδbaHc to be satisfied, the following condition has to be fulfilled:
∂w[0] = w[0]w[1], and Hc is then determined to be
Hc =
1
2
p2 + 1
2
(w[0])2 + ∂w[0]ψ¯cψc +
1
2
∂w[1](ψ¯cψc)
2 . (3.4)
In the conformal case both w[0] and w[1] are proportional to 1
x
and the equation ∂w[0] =
w[0]w[1] has two solutions corresponding to the two solutions found in the quantum case:
w[0] = ν
x
, w[1] = − 1
x
and w[0] = 0, w[1] = −2ν
x
, where ν is a constant. The next step
is to pass to the quantum theory using the usual rule {·, ·}∗ → i[·, ·]. Since [ψa, ψ¯b]+ =
−δba, the fermions can be realised as ψa = θa and ψ¯
a = − ∂
∂θa
. One has to deal with
ordering ambiguities in the supercharges (such ambiguities are absent for N = 2 systems).
Requiring that the supercharges still come in hermitean-conjugate pairs after quantisation
(which guarantees that the hamiltonian is hermitean) and that the supersymmetry algebra
is still satisfied i.e. [Qa, Q
†b]+ = 2δ
b
aH , fixes the ordering ambiguities. We then regain the
supercharges and hamiltonian given earlier in (2.2) and (2.4).
What about superspace formulations for the models corresponding to the more general
supercharges (3.3)? For instance, for the other conformal model, the superspace action is
(when ν 6= 1
2
)2
S =
1
8
∫
dtDaD
aD¯bD¯b
1
1− 2ν
[−1
2
φ2] , (3.5)
and the constraints are: D2φ = −2ν
φ
DφDφ, D¯2φ = −2ν
φ
D¯φD¯φ and [D, D¯]φ = −4ν
φ
DφD¯φ.
In components the action becomes
S = 1
2
∫
dt[x˙2 − iψ¯ψ˙ + i ˙¯ψψ −
2ν
x2
(ψψ¯)2] . (3.6)
Although the potential has no “bosonic” part, the quantum potential has such a part,
which, as we have seen, arises from ordering ambiguities. The actions for the models
with supercharges (3.3) can also be written in superspace; the general construction will
be given in the next subsection.
2When ν = 1
2
the model is a special case of the SU(1, 1|2) superconformal one and is described by the
action (3.1) and its associated constraints with ν = 0.
9
3.2 Many-body models
The above results will now be extended to many-body systems. In this section we use the
Einstein summation convention: repeated indices are summed. The construction involves
two functions, w
[0]
i (xl) and w
[1]
ijk(xl), which are assumed to satisfy the following constraints:
w
[0]
i = ∂iw
[0] , w
[1]
ijk = ∂i∂j∂kw
[1] ,
w
[1]
li[jw
[1]
n]ml = 0 ,
∂i∂jw
[0] = ∂lw
[0]w
[1]
lij . (3.7)
The following action
S = 1
2
∫
dt[x˙ix˙
i − iψ¯iψ˙
i + i ˙¯ψiψ
i − (∂iw
[0])2 + 2∂i∂jw
[0]ψjψ¯k − ∂i∂j∂k∂lw
[1](ψiψ¯j)(ψkψ¯l)] ,
(3.8)
is supersymmetric (see below) if the constraints (3.7) hold. The associated supersymmetry
Noether charges are
Qa = ψ
i
a(pi − i∂iw
[0] − iψ¯bnψmb w
[1]
inm) , Q¯
a = ψ¯a(pi + i∂iw
[0] + iψ¯bnψmb w
[1]
inm) , (3.9)
and satisfy {Qa, Q¯b}∗+ = 2iδ
b
aHc, where Hc is the classical hamiltonian associated to the
lagrangean which can be read off from (3.8).
The conformal AM−1 N = 4 Calogero models corresponding to the ones constructed
in the quantum case (cf. (2.17)) have w[0] = 0, which means that classically they have
no bosonic potential, however, after passing to quantum mechanics a bosonic potential is
generated as a result of ordering ambiguities.
The models (3.8) can also be written in superspace. To this end we introduce M real
superfields φi with components φi| = xi, Daφi| = iψia, D¯
bφi| = −iψ¯bi and [D(a, D¯b)]φi| =
F iab, while the other components have to be constrained. We introduce the following
constraints:
D2φi = w
[1]
ijk(φl)Dφ
jDφk , D¯2φi = w
[1]
ijk(φl)D¯φ
jD¯φk ,
[D, D¯]φi = 2w
[1]
ijk(φl)Dφ
jD¯φk − 4w[0]i (φl) . (3.10)
In this context the constraints (3.7) can be viewed as consistency conditions for the
superspace constraints (3.10). We take the superspace action to be of the form
S =
1
8
∫
dtDaD
aD¯bD¯bA(φi) , (3.11)
where the scalar functional A is assumed to satisfy the equation
∂i∂jA+ w
[1]
ijk∂kA = −δij . (3.12)
The rationale for this choice is that it implies D¯2A = −D¯φiD¯φi. The component action
can then easily be obtained using the constraints (3.7), (3.10), with the result (3.8). The
superspace equation of motion is
[D(a, D¯b)]φi = −2w
[1]
ijkD(aφ
jD¯b)φ
k , (3.13)
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and it can be shown that it reproduces the component equations of motion derived from
(3.8), after the auxiliary fields F iab are eliminated.
The requirement (in addition to conformal invariance) for SU(1, 1|2) superconformal
invariance is xlw
[1]
lij = −δij . The question arises if/how A is related to w
[1] and w[0]. One
possibility is that A = w[1]. This choice is consistent with the condition for SU(1, 1|2)
superconformal invariance (and in fact implies it if the matrix Mij = ∂i∂jw
[1] + δij is
invertible and the theory is conformal). Of the many-body models constructed before
in section 2, only the classical four-body model corresponding to (2.25) satisfies this
constraint.
From the lagrangean read off from (3.8) or from the Dirac bracket of the Noether
charges (3.9), one can obtain the classical hamiltonian and then pass to quantum me-
chanics to regain the results obtained in the previous section. The seeming difference
between the classical quantities and the quantum ones result from ordering ambiguities.
4 Discussion
Although we only constructed N ≥ 4 extensions of the AM−1 Calogero models, it should
also be possible to extend the results to the Calogero models based on the other root
systems. Another question is whether it is possible to extend the results to the super-
Sutherland models [32, 21, 22]. A more uniform formulation along the lines of the one
in [22] would also be desirable. In particular, the integrability properties merit further
investigation. The results on exact solvability [15, 16, 21, 17] are expected to hold also
for the supersymmetric extensions (of the models with discrete spectrum).
Another issue worth studying is supersymmetry breaking (extending the results in
[38]). One could also investigate more general models, e.g. by introducing a non-trivial
metric so that H = 1
2
gijpipj + V (xi). It may be interesting to try and lift the more
general superspace constraints (3.10) for φi to four dimensions, which might lead to a
generalisation of the result in [37] to many fields.
It was conjectured by Gibbons and Townsend [1] that an N = 4 SU(1, 1|2) supercon-
formal extension of the AM−1 Calogero models could provide a microscopic description
of an extremal d = 4 Reissner-Nordstro¨m black hole. This conjecture was partly based
on the observation [39, 27] that the radial motion of a super-particle in the near-horizon
limit of a large-mass extremal d = 4 Reissner-Nordstro¨m black hole is described by the
SU(1, 1|2) superconformal mechanics model of [24]. A related issue is the quantum me-
chanics of M slowly moving extremal black holes in four dimensions. This multi-black
hole mechanics should be described in terms of 3M bosonic and 4M fermionic degrees of
freedom (just as the multi-black holes in five dimensions discussed in [3] are described in
terms of 4M bosonic and 4M fermionic coordinates). Thus, it would seem that models
withM bosonic and 4M fermionic coordinates are perhaps more naturally connected with
two-dimensional black holes. However, the near-horizon geometry of an extremal d = 4
Reissner-Nordstro¨m black hole is adS2× S2 and there is a natural “angular/radial” split.
Hence, it is not excluded that models with M bosonic and 4M fermionic coordinates
may provide a microscopic description of d = 4 black holes (this is in the spirit of the
adS/CFT correspondence). Such a many-body model is expected to have an SU(1, 1|2)
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superconformal symmetry. For generic values of the coupling constant, we have not been
able to construct an N = 4 extension of the AM−1 Calogero models with an SU(1, 1|2)
symmetry. The only possible way around this result is to change the supercharges. An-
other possibility is that another generalisation of the one-body case is needed, however,
without further input it is not clear which assumptions should be made to pinpoint such
a model. One criterion one could use [1] is that when all coordinates but one are small,
then the model should reduce to the one-body SU(1, 1|2) model. Even if it turns that
there is no direct connection between the models considered in this paper and black hole
physics, they may still be valuable as toy models.
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A The su(1, 1|N2 ) algebras
The su(1, 1|2) Lie superalgebra generators comprise the odd elements Qa, Sa and their
hermitean conjugates, together with the even hermitean generators JA, H , D, and K. A
list of supercommutators sufficient to specify the algebra completely is:
[Qa, Q
†b]+ = 2δ
b
aH , [Sa, S
†b]+ = 2δ
b
aK
[Qa, Qb]+ = 0 , [Sa, Sb]+ = 0 ,
[Qa, S
†b]+ = 2i(σ
A)a
b
JA − 2δbaD − iδ
b
aT , [JA, Qa] = −
1
2
(σA)a
cQc
[Sa, Q
†b]+ = −2i(σA)a
b
JA − 2δbaD + iδ
b
aT , [JA, Sa] = −
1
2
(σA)a
cSc
[Qa, D] =
i
2
Qa , [Q
†a, D] = i
2
Q†a
[Sa, D] = −
i
2
Sa , [S
†a, D] = − i
2
S†a ,
[K,D] = −iK , [H,D] = iH ,
[H,K] = 2iD , [JA, JB] = iǫABCJC ,
[K,Qa] = iSa , [K,Q
†a] = iS†a ,
[H,Sa] = −iQa , [H,S†a] = −iQ†a
(A.1)
Here a, b = 1, 2; A,B,C = 1, 2, 3, and the 2×2 matrices (σA)a
b are generators of su(2) and
are in this paper taken to be the usual Pauli matrices satisfying the relation [σA, σB] =
2iǫABCσC . In (A.1) T is a central element which can be removed, however, such a central
extension is present for some of the models considered in this paper.
The generators of the Lie superalgebra su(1, 1|N
2
) comprise the odd elements Qa, Sa
and their hermitean conjugates, together with the even generators Ja
b, U , H , D, and
K. The supercommutators of su(1, 1|N
2
) are the same as in (A.1) with the following
differences. Now the indices take the values a, b = 1, . . . , N
2
and the σA’s are replaced by
N
2
× N
2
matrix generators of su(N
2
). In this paper we use the following realisation of these
generators: (λa
b)c
d = −2δdaδ
b
c (when a 6= b) and (λa
a)c
d = −2(δdaδ
a
c −
2
N
δdc ). They satisfy
[λa
b, λc
d] = 2(δcbλa
d − δadλc
b). Furthermore, the anticommutation relations between the
12
Q’s and the S’s are replaced by
[Qa, S
†b]+ = i(λc
d)a
bJd
c + 2iδbaU − 2δ
b
aD − iδ
b
aT ,
[Sa, Q
†b]+ = −i(λc
d)a
bJd
c − 2iδbaU − 2δ
b
aD + iδ
b
aT . (A.2)
The commutation relations involving the additional u(1) generator U are
[U, Sa] =
1
2
Sa , [U, S
†a] = −1
2
S†a ,
[U,Qa] =
1
2
Qa , [U,Q
†a] = −1
2
Q†a ,
(A.3)
and finally, [Ja
b, Jc
d] = (δcbJa
d − δdaJc
b).
References
[1] G. W. Gibbons and P. K. Townsend, “Black holes and Calogero models.” Phys.
Lett. B454 (1999) 187, hep-th/9812034.
[2] J. D. Blum, “Supersymmetric quantum mechanical description of four-dimensional
black holes.”hep-th/9907101.
[3] J. Michelson and A. Strominger, “Superconformal multiblack hole quantum
mechanics.” JHEP 09 (1999) 005, hep-th/9908044.
[4] J. Gutowski and G. Papadopoulos, “The dynamics of very special black holes.”
hep-th/9910022.
[5] J. Maldacena, “The large N limit of superconformal field theories and
supergravity.” Adv. Theor. Math. Phys. 2 (1998) 231, hep-th/9711200;
J. Maldacena, J. Michelson, and A. Strominger, “Anti-de Sitter fragmentation.”
JHEP 02 (1999) 011, hep-th/9812073.
[6] R. A. Coles and G. Papadopoulos, “The geometry of the one-dimensional
supersymmetric nonlinear sigma models.” Class. Quant. Grav. 7 (1990) 427.
[7] J. Michelson and A. Strominger, “The geometry of (super)conformal quantum
mechanics.” hep-th/9907191.
[8] C. M. Hull, “The geometry of supersymmetric quantum mechanics.”
hep-th/9910028.
[9] F. Calogero, “Solution of a three-body problem in one dimension.” J. Math. Phys.
10 (1969) 2191–2196; “Ground state of a one-dimensional N -body problem.” J.
Math. Phys. 10 (1969) 2197–2200; “Solution of the one-dimensional N -body
problem with quadratic and/or inversely quadratic pair potentials.” J. Math. Phys.
12 (1971) 419–436.
[10] A. Mironov, “WDVV equations and Seiberg-Witten theory.” hep-th/9903088;
E. D’Hoker and D. H. Phong, “Seiberg-Witten theory and Calogero-Moser
systems.” hep-th/9906027.
13
[11] M. A. Olshanetsky and A. M. Perelomov, “Classical integrable finite-dimensional
systems related to Lie algebras.” Phys. Rep. 71 (1981) 313; “Quantum integrable
systems related to Lie algebras.” Phys. Rep. 94 (1983) 313.
[12] O. Haschke and W. Ru¨hl, “An exactly solvable model of the Calogero type for the
icosahedral group.” Mod. Phys. Lett. A13 (1998) 3109, hep-th/9811011.
[13] A. J. Bordner, E. Corrigan, and R. Sasaki, “Generalized Calogero-Moser models
and universal Lax pair operators.” hep-th/9905011.
[14] E. D’Hoker and D. H. Phong, “Calogero-Moser Lax pairs with spectral parameter
for general Lie algebras.” Nucl. Phys. B530 (1998) 537, hep-th/9804124.
[15] L. Brink, T. H. Hansson, and M. A. Vasiliev, “Explicit solution to the N -body
Calogero problem.” Phys. Lett. B286 (1992) 109–111, hep-th/9206049.
[16] W. Ru¨hl and A. Turbiner, “Exact solvability of the Calogero and Sutherland
models.” Mod. Phys. Lett. A10 (1995) 2213–2222, hep-th/9506105.
[17] N. Gurappa and P. K. Panigrahi, “Equivalence of the Calogero-Sutherland model
to free harmonic oscillators.” Phys. Rev. B59 (1999) R2490–R2493,
quant-ph/9905011.
[18] V. de Alfaro, S. Fubini, and G. Furlan, “Conformal invariance in quantum
mechanics.” Nuovo Cim. 34A (1976) 569.
[19] D. Z. Freedman and P. F. Mende, “An exactly solvable N -particle system in
supersymmetric quantum mechanics.” Nucl. Phys. B344 (1990) 317–343.
[20] L. Brink, T. H. Hansson, S. Konstein, and M. A. Vasiliev, “The Calogero model:
anyonic representation, fermionic extension and supersymmetry.” Nucl. Phys. B401
(1993) 591–612, hep-th/9302023.
[21] L. Brink, A. Turbiner, and N. Wyllard, “Hidden algebras of the (super)Calogero
and Sutherland models.” J. Math. Phys. 39 (1998) 1285, hep-th/9705219.
[22] A. J. Bordner, N. S. Manton, and R. Sasaki, “Calogero-Moser models V:
supersymmetry and quantum Lax pair.” hep-th/9910033.
[23] V. P. Akulov and A. I. Pashnev, “Quantum superconformal model in (1, 2) space.”
Theor. Math. Phys. 56 (1983) 862;
S. Fubini and E. Rabinovici, “Superconformal quantum mechanics.” Nucl. Phys.
B245 (1984) 17.
[24] E. A. Ivanov, S. O. Krivonos, and V. M. Leviant, “Geometric superfield approach
to superconformal mechanics.” J. Phys. A22 (1989) 4201.
[25] A. I. Pashnev, “One-dimensional supersymmetric quantum mechanics with N ≥ 2.”
Theor. Math. Phys. 69 (1986) 1172.
14
[26] V. Akulov and M. Kudinov, “Extended supersymmetric quantum mechanics.”
Phys. Lett. B460 (1999) 365, hep-th/9905070.
[27] J. A. de Azcarraga, J. M. Izquierdo, J. C. Perez Bueno, and P. K. Townsend,
“Superconformal mechanics and nonlinear realizations.” Phys. Rev. D59 (1999)
084015, hep-th/9810230.
[28] J. Zhou, “Super 0-brane and GS superstring actions on AdS2 × S2.”
hep-th/9906013;
M. Kreuzer and J. Zhou, “Killing gauge for the 0-brane on AdS2 × S2 coset
superspace.” hep-th/9910067.
[29] E. Witten, “Dynamical breaking of supersymmetry.” Nucl. Phys. B188 (1981) 513.
[30] P. Salomonson and J. W. van Holten, “Fermionic coordinates and supersymmetry
in quantum mechanics.” Nucl. Phys. B196 (1982) 509.
[31] G. W. Gibbons, R. H. Rietdijk, and J. W. van Holten, “SUSY in the sky.” Nucl.
Phys. B404 (1993) 42–64, hep-th/9303112;
F. De Jonghe, K. Peeters, and K. Sfetsos, “Killing-Yano supersymmetry in string
theory.” Class. Quant. Grav. 14 (1997) 35–46, hep-th/9607203.
[32] B. S. Shastry and B. Sutherland, “Superlax pairs and infinite symmetries in the
1/r2 system.” Phys. Rev. Lett. 70 (1993) 4029–4033, cond-mat/9212029.
[33] J. A. Minahan and A. P. Polychronakos, “Integrable systems for particles with
internal degrees of freedom.” Phys. Lett. B302 (1993) 265–270, hep-th/9206046.
[34] J. Wolfes, “On the three-body linear problem with three-body interaction.” J.
Math. Phys. 15 (1974) 1420–1424;
F. Calogero and C. Marchioro, “Exact solution of a one-dimensional three-body
scattering problem with two-body and/or three-body inverse-square potential.” J.
Math. Phys. 15 (1974) 1425–1430.
[35] C. Quesne, “An exactly solvable three-particle problem with three-body
interaction.” Phys. Rev. A55 (1997) 3931–3934, hep-th/9612173;
A. Capella, M. Rosenbaum, and A. Turbiner, “Solvability of the G2 integrable
system.” Int. J. Mod. Phys. A13 (1998) 3885–3904, solv-int/9707005.
[36] J. Wolfes, “On a one-dimensional four-body scattering system.” Ann. Phys. 85
(1974) 454–464;
O. Haschke and W. Ru¨hl, “Exactly solvable quantum models of Calogero and
Sutherland type with translation invariant four-particle interactions.”
hep-th/9807194.
[37] B. de Wit and M. Rocˇek, “Improved tensor multiplets.” Phys. Lett. 109B (1982)
439.
15
[38] E. E. Donets, A. Pashnev, J. Juan Rosales, and M. M. Tsulaia, “N = 4
supersymmetric multidimensional quantum mechanics, partial SUSY breaking and
superconformal quantum mechanics.” hep-th/9907224.
[39] P. Claus et. al., “Black holes and superconformal mechanics.” Phys. Rev. Lett. 81
(1998) 4553–4556, hep-th/9804177.
16
